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Homothetic Congruences in General Relativity
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The kinematical characteristics of distinct infalling homothetic fields are discussed by specifying
the transverse subspace of their generated congruences to the energy-momentum deposit of the
chosen gravitational system. This is pursued through the inclusion of the base manifold’s cotangent
bundle in a generalized Raychaudhuri equation and its kinematical expressions. Exploiting an
electromagnetic energy-momentum tensor as the source of non-gravitational effects, I investigate
the evolution of the mentioned homothetic congruences, as they fall onto a Reissner-Nordstro¨m
black hole. The results show remarkable differences to the common expectations from infalling
congruences of massive particles.
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I. INTRODUCTION
The importance of the particles’ geodesics, revealed by the advent of general relativity. In fact, this theory on
its own, stems in the consideration of geodesics of freely falling objects in a gravitational field, which constitutes a
crucial link with Riemannian geometry [1]. These geodesics were used practically to make mathematical predictions
of astronomical phenomena, as the foundations of the observational tests of general relativity. The famous observation
of Mercury’s perihelon shift, by Eddington, is a well-known example. While the geodesics are usually regarded as
the path of single particles falling freely in gravitational fields, they can become of more interest when considered
as a set; a congruence1. Geodesic congruences are of great importance in general relativity, because they give us
information about the evolution of the kinematics of falling objects in the geometry defined by black holes as well
as telling about the standard cosmological dust [3]. They also constitute an important tool to inspect the Penrose-
Hawking singularity theorems [4–7]. This tool has indeed been formulated by the well-known Raychauduri equation
which was firstly aimed at studying the evolution of the cosmic fluid [8]. Essentially, the Raychaudhuri equation is
a geometrical representation, to govern the kinematical decomposition of congruences and reveals their evolution. In
fact, this equation tells us about how the congruences would diverge, converge or twist, by calculating the changes
of their cross-sectional (transverse) area [9](for reviews, see also Refs. [10, 11]). The Raychaudhuri equation can
also be applied to discuss the energy conditions and therefore, on the attractiveness/repulsiveness of gravity which is
entangled with the concept of geodesic focusing. This equation is also used to study the solutions of general relativity
[12]. It is therefore apparent that why the geodesic congruences have been of great interest for several decades after
the birth of general relativity.
That said, I should note that since not all the congruences are geodesic, the congruence kinematics may be affected
by the presence of an acceleration. This can be regarded as both geometrical and physical. Whereas the former may
depend on the specific choice of observers and is therefore completely observer-dependent, the latter is a consequence
of the presence of non-gravitational sources (like an electrically charged mass). The non-geodesic property would
therefore provide a sensible subject to explore, since it can have assessable correspondents in the nature. Such property
may vary from a congruence which is not affinely parameterized, to that which is evolving in an electromagnetic field.
A. The Aim of This Paper
In this study, I will consider both the above cases. In fact, I take the congruences to have a natural acceleration.
As mentioned above, the importance of investigating accelerated falling objects in gravitational fields, is in their valid
analogs in the nature. To elaborate this in the current study, I investigate the properties of homothetic non-null con-
gruences in the presence of the electromagnetic energy-momentum tensor in the context of general relativity. In fact,
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1 It is said that the word congruence was first used by Gauss [2].
2homothetic vector fields have received remarkable attention form the community. Beside their application in finding
exact solutions to Einstein field equations [12], the homothetic fields are also of benefit in studying singularities in
general relativity [15]. In this regard, they have a considerable pertinence to my current study, because gravitational
singularities are those regions where congruence convergence could happen2. In a group theoretical approach, the
spacetime symmetries can also be discussed by means of homothetic vector fields [16, 17]. To address further appli-
cations, its is worth noting their ability to classify cosmological models in general relativity and alternative gravity
[18–21].
In this paper however, I am interested in scrutinizing the kinematical characteristics of homothetic flows as they
evolve in gravitational fields. In fact, homothetic motions in the geometrical sense, have been of great interest because
they can talk about trivial and non-trivial space symmetries. Geometrical homothetic motions were discussed in details
in Ref. [22] with subsequent published papers discussing them in the general relativistic context (see for example Refs.
[23, 24] and references therein). Recent research also include cosmological applications in both general relativity and
alternative gravity (see for example Refs. [25, 26]). However, as mentioned above, my aim is to discuss the motion of
homothetic fields, when they appear as congruences. To enhance the discussion, let me introduce a homothetic vector
field u, in a spacetime manifold (M, gαβ), as the congruence generator3. This vector field, obeys the condition [9]
Lugαβ = 2ξgαβ (1)
in which LX indicate the Lie differentiation along a vector field X and ξ is a real constant. Equation (1) can be
recast as
uα;β + uβ;α = 2ξgαβ, (2)
from which, the acceleration (co)vector u˙ ≡ a = ∇uu can be obtained as
aα = −1
2
gαβ(u · u);β + 2ξuα, (3)
where I have notated gαβu
αuβ ≡ u ·u. The above relation, talks about the extent to which, the congruence generator
can deviate from being parallel transported. Note that, for u ·u = const. (normalized congruence generators), we get
back to the famous shape a = 2ξu which is the characteristic for non-affinely-parameterized geodesic congruences.
Homothetic congruences also prove to have non-orthogonal deviation fields. For any congruence deviation vector field
J , also known as the Jacobi field, obeying the condition [9]
LuJ = LJu, (4)
it is proved that
( ˙J · u) = 2ξ(J · u) (5)
holds for homothetic fields (see appendix A). This shows that whether or not u · u = const., J · u 6= const. holds
in general and unlike geodesic congruences, the deviation fields are not orthogonal to the congruence generators. It
can also be shown that the congruence deviation relation (Jacobi equation) for homothetic congruences reads as (see
appendix A)
J¨α = −1
2
gαλ(u · u),λβJβ + 2ξJ˙α − RαµβγuµJβuγ , (6)
indicating the contribution of the rate of change of the deviation field along the congruence, even for normalized
generators.
In this paper, such congruence generators are subjected to the effects of an electrically charged massive source of
gravity. This way, they could show interesting behaviors because at the same time, the congruence is endowed with a
geometric acceleration and a physical acceleration due to a non-gravitational energy. These would certainly affect the
congruence evolution. Since the congruence kinematics are to be investigated, the mathematical tools of inspection,
namely the Raychaudhuri equation and its kinematical components, have to be improved in order to envelop the
2 In this study, non-null congruences are examined. However, the singularities and their relevant cosmic censorship [7, 13] are usually
discussed by means of null congruence expansion which enables us to discuss the evolution of black hole apparent horizons (see Ref. [14]
for reviews).
3 Throughout this paper, bold fonts are used to denote 4-(co)vectors. Furthermore, ”; ” and ”, ” stand respectively for covariant and
partial differentiations. Moreover, overdots indicate D
dτ
where τ is taken to be the curve parameterization onM. I adopt a (− +++)
sign convention and all indices are 4-dimensional.
3desired features of the problem. First of all, the congruence is supposed to be uncharged. We therefore can not
elicit the physical acceleration from the usual kinematical decomposition. To make use of physical acceleration in this
paper, I modify the Raychaudhuri equation, in order to be specified to the gravitational theory in hand. This way,
the electromagnetic energy-momentum tensor recasts itself in terms of the gravitational field equations and appears
in the kinematical components of a generalized Raychaudhuri equation. As it follows in the next section, this is
done through a particular generalization to the base manifold’s cotangent bundle. In fact, obtaining generalizations
to the Raychaudhuri equation is not something new. There have been numerous publications devoted to this task,
each of which, dealing with a peculiar generalization, like N -dimensional spacetimes [27], the Arnowitt-Deser-Misner
(ADM) formalism [28], generalized theories of gravity [29], large-scale bulk motions [30], bohmian quantum mechanical
effects [31] and non-normalized congruences [32]. The generalization introduced in this paper, would also cover non-
normalized congruences as well as being applicable of inclusion of alternative gravity field equations.
The paper is organized as follows: In Sec. II, the generalized Raychaudhuri equation is introduced which is followed
by homothetic filed specifications in Sec. III. In this section, the equation is also used in f(R) theories of gravity
to reveal its capabilities. In Sec. IV, homothetic congruences are allowed to evolve in the presence of an electrically
charged static black hole and their physical and kinematical characteristics are discussed. I show that how these
congruences represent very peculiar fates during their evolution. I conclude in Sec. V.
II. A GENERALIZED RAYCHAUDHURI EQUATION ASSOCIATED WITH THE COTANGENT
BUNDLE
The Raychauduri equation is known as governing the evolution of the orthogonal 3-dimensional hypersurface,
transverse to the tangential 4-velocity vector, which characterizes the congruence [9]. This means that the whole
system is defined on the tangent bundle of the base manifold where the Lagrangian mechanics is introduced. In
this section, I intend to give a generalization to the Raychaudhuri equation which uses both the tangent and the
cotangent bundles of the base manifold to give also the possibility to work with Hamiltonian mechanics. In this
regard, the cotangent bundle T ∗M of the base manifold M (i.e. the Hamiltonian system) is supposed to be an
auxiliary medium residing on M (see Fig. 1). Such an approach gives us the opportunity to include the momentum
in characterizing the evolution of the congruence. The concept of using the cotangent bundle as a medium, where the
4-momentum originates from, has been first brought and discussed rigorously in Ref. [33]. First of all, let me make
M; gαβ
~γ(τ )
γ(τ )
~M ≡ T ∗M
FIG. 1. The cotangent bundle can be regarded as a medium residing in the base manifold. The solution curve γ(τ ) is defined
on T ∗M whereas the trajectories γ˜(τ ) are measured by the observers who live in M.
some clarifications on the approach. As it has been illustrated schematically in Fig. 1, the dynamics of a Hamiltonian
system is given by the solution curve γ(τ), residing in the cotangent bundle T ∗M of the base manifold M. The
associated tangential vector to this curve, is X =
(
∂H
∂pα
,− ∂H∂xα
)
≡ (uα, p˙α) which lives in the tangent bundle of T ∗M.
In this case, (xα, pα) are the coordinates in T
∗M. To find the particles’ trajectory on the base manifold, we need
xα(τ) which is simply obtained by performing an identity map on the u sector of X which kills off p˙. However, to
deal with the dynamics of the particles’ congruence, we associate their trajectory in M with the covector field p as
the whole system’s energy/momentum, in T ∗M. Since p is a 1-form basis, then one can infer dp = 0, which in the
base manifold gives pα;β = pβ;α.
Having this association, one can construct a projector to the 3-dimensional transverse subspace of the base manifold
4(3-dimensional space-like foliation, orthogonal to u) which is characterized by
hα
β = δβα − (p · u)−1pαuβ , (7)
satisfying hα
βpβ = u
αhα
β = 0, hλ
αhα
β = hλ
β and hα
α = 3. Therefore, we can eliminate any longitudinal components
of the tangent bundles of both cotangent bundle and the base manifold, by means of projecting the congruence by
the projector given in Eq. (7). We look for the evolution of this transverse subspace (orthogonal to the world-lines
of the observer characterized by u), along the congruence (trajectories) in the base manifold associated with its
cotangent bundle. This will provide us the Raychaudhuri equation. To proceed with the mathematical procedure, let
me introduce the following tensor on M:
Bαβ = u
α
;β , (8)
in which the covariant derivative is calculated with respect to the metric defined onM. The projection of this tensor
onto the 3-dimensional orthogonal subspace is designated as
B¯αβ = hµ
αuµ;νhβ
ν , (9)
according to which, the evolution along the congruence generated by u, is given by
DB¯αβ
dτ
≡ ˙¯Bαβ =
(
h˙µ
αhβ
ν + hµ
αh˙β
ν
)
uµ;ν + hµ
αhβ
ν D
dτ
(uµ;ν) , (10)
showing that the last term is purely transverse. The Raychaudhuri equation is indeed the evolution of the fractional
rate of change of the transverse subspace, i.e. the expansion. In the language I use here, this is
Θ = hρ
µuρ;βhµ
β ≡ B¯µµ, (11)
whose evolution is given by the following generalized Raychaudhuri equation associated with T ∗M (see appendix B):
Θ˙ = −1
3
Θ2 − σµνσµν + ωµνωµν −Rµνuµuν + aµ;µ
− (p · u)−1
[
˙(p · a) + 2pνuν ;ρaρ
]
+ (p · u)−2
[
(p · a)2 + ˙(p · u)(p · a)
]
. (12)
The kinematical quantities defined in Eq. (12) are
Θ = uµ;µ − (p · u)−1(p · a), (13a)
σµν = hµ
αu(α;β)hν
β − 1
3
Θhµν , (13b)
ωµν = hµ
αu[α;β]hν
β , (13c)
which are respectively, the expansion scalar, the symmetric shear and the anti-symmetric vorticity tensors. Also,
hµν = hµ
αgαν . Note that, whether or not p · u = const., the expansion in Eq. (13a) retains the common form
of Θ = uµ;µ, iff the congruence is geodesic (a = 0). I should note here that the existence of the p covector in
the generalized Raychaudhuri equation, aims at providing an association to the energy-momentum resources of the
gravitational theory in hand. This means that, this covector associates the congruences’ evolution to the configuration
of the gravitational source, described within a particular theory of gravity. In this regard, it is different from the
usual conception of the momentum in general relativity where we put p = mu (m = const.) and u is considered
normalized. For this latter case, the above generalized Raychaudhuri equation will reduce to its usual textbook
version (see appendix B)
Θ˙ = −1
3
Θ2 − σµνσµν + ωµνωµν −Rµνuµuν + aµ;µ. (14)
In this case, the generalized expansion in Eq. (13a) reduces to Θ = uµ;µ, whether or not the congruence is geodesic,
because in this special case we have u · a = 12 (uµuµ);νuν = 0. The generalized equation however, helps us to
specify the particles’ motion to the cotangent bundle, where the Hamiltonian mechanics is defined. In the current
study, the cotangent bundle exhibits the characteristics of the energy-momentum tensor, by exploiting its geometrical
correspondent, namely the gravitational field equations. In this regard, we can perform investigations in different
5theories of gravity, by specifying the transverse subspace to those theories. When an energy-momentum tensor Tαβ
can be defined within a theory of gravity, the momentum density covector and the energy are defined as
pα
.
= −Tαβuβ , (15a)
E
.
= −p · u = Tαβuαuβ . (15b)
Accordingly, the term 2pνu
ν
;ρa
ρ in Eq. (12), could be expanded as
2pνu
ν
;ρa
ρ = 2 [(pνu
ν);ρ − pν;ρuν ] aρ = −2 [E,ρ + pρ;νuν] aρ
= −2 (E,ρ + p˙ρ) aρ, (16)
where I have used the fact that dp = 0. To proceed further, I apply the above results and definitions, to show that
how the above generalized components can be used in a way to include alternative theories of gravity. In the next
section, the generalized expansion is dealt with in the context of homothetic congruences and some physical properties
are discussed.
III. THE GENERALIZED CONGRUENCE EVOLUTION IN f(R)-GRAVITY
I start with an extended theory of gravity, namely f(R)-gravity, to demonstrate the abilities of the generalized
kinematical components of the Raychaudhuri equation, to be specified to a particular theory of gravity. The f(R)-
gravity theory is the most natural alternation to general relativity, relevant to the dark energy scenario, and has
received a great deal of attention from the community. Since the modification is based on the Ricci scalar, the
reduction to general relativity (which is the goal of this paper) is therefore trivial. The f(R) theories of gravity, are
approached by means of the generalized gravitational action (in the G = c = 1 units)[34]
Sf(R) = 1
κ
∫
d4x
√−g f(R) +
∫
d4xLm (gαβ,Ψm) , (17)
where Lm is the matter Lagrangian density and g = det(gαβ). The least action condition, imposed on the variation
of the above relation in terms of gαβ , (that is
δSf(R)
δgαβ
= 0), results in the following field equations:
−1
2
f(R)gµν + gµνF (R)−∇µ∇νF (R) + F (R)Rµν = κTµν , (18)
in which κ = 8π and F = f,R. Moreover, the energy-momentum tensor is defined as
Tµν = − 2√−g
δ (
√−gLm)
δgµν
. (19)
To specify the kinematical characteristics of time-like (or space-like) congruences in the context of the Raychaudhuri
equation in Eq. (12) and in the f(R)-gravity realm, one needs to write down the momentum and energy in Eqs. (15),
based on the field equations (18). Accordingly, one obtains
pµ = − 1
κ
(
FRµνu
ν − 1
2
fgµνu
ν + gµνF
;λ
;λu
ν − F;µνuν
)
, (20a)
E =
1
κ
(
FRµνu
µuν − 1
2
f(u · u) + F ;λ;λ(u · u)− F;µνuµuν
)
, (20b)
in which for convenience, I have dropped mentioning the R-dependence. In the above relations, the momentum and
energy have been given completely geometrical definitions. Note that, like the momentum, the energy is also provided
by associating the congruence with the cotangent bundle. This energy would therefore constitute the congruence
energy. This is the key to the interpretation of our generalized Raychaudhuri equation in any particular theory
of gravity. Now to talk about congruence evolution, I turn to the kinematical parameters in f(R)-gravity. Most
importantly, one notices the presence of the acceleration term in the important expansion relation in Eq. (13a). As
mentioned before, I am are interested in homothetic congruences in this study. I therefore, use the relation in Eq.
6(3), together with Eq. (13a), to get
Θ = uα;α −
[
FRµνu
µuν − 1
2
f(u · u) + F ;α;α(u · u)− F;µνuµuν
]−1
×
{
˙(u · u)
(
1
4
f − 1
2
F ;α;α
)
+ ξ(u · u) (−f + 2F ;α;α)
+2ξ (FRµν − F;µν)uµuν + 1
2
(
gλµF;µν − FRλν
)
(u · u);λuν
}
. (21)
The expansion scalar, is the outstanding characteristic of the congruence evolution because it talks about the fractional
rate of change in terms of the congruence parameterization. This gives us insight into the shape and the intensity
of the the energy flow. The fractional rate of change given in Eq. (21) however, belongs to that of homothetic
congruences in f(R)-gravity. I should here note that, although a f(R)-generalization of Raychaudhuri equation and
its kinematical components has been provided in Ref. [29], however, the approach used in that paper is crucially
based on the energy-momentum of a perfect fluid whose evolution is essentially geodesic and normalized (because
it is comoving with the spacetime). Here, to obtain the generalized Raychaudhuri equation, I basically modify the
transverse subspace in order to have conformity with all kind of congruences within a desired theory of gravity. The
generalization therefore, is not confined to any particular source of energy.
It can be easily seen that for normalized congruences (i.e. u · u = const.), the above expansion reduces to
Θnorm = u
α
;α − 2ξ, (22)
which is the standard textbook relation for non-affinely-parameterized congruences. This shows that the generalized
Raychaudhuri equation in Eq. (12), is consistent with the usual form, once the standard premises are satisfied.
Furthermore, the generalized kinematical parameters are capable of specifying the congruence evolution, for particular
field equations. For this reason, I will take care with non-normalized homothetic congruences, later in this study. But
at this stage, let me rely on a spherically symmetric spacetime manifold, described by the metric
ds2 = −A(r)dt2 +B(r)−1dr2 + r2dθ2 + r2 sin θ2dφ2, (23)
in the (t, r, θ, φ) chart. Now to obtain the radially infalling homothetic fields, as the generators of the congruences in
the above spacetime, I adopt the generator to be of the form
uα =
(
u0(r), u1(r), 0, 0
)
. (24)
The above field is homothetic, if it obviates the condition in Eq. (1). Note that, for the above vector field to be
future-directed, one suitable choice for infalling observers is u0 > 0 and u1 < 0. The congruence generator in Eq. (24)
leads to four independent equations, solving which, we obtain three non-normalized generators as
uα1 =
(
a,
2ξA
A′
, 0, 0
)
, (25a)
uα2 =
(
a, b
√
B +
√
B
∫
ξ√
B
dr, 0, 0
)
, (25b)
uα3 = (a, ξr, 0, 0) , (25c)
in which, a and b are integration constants, the prime stands for differentiation with respect to r and I have dropped
mentioning the r-dependence. Note that, the complete identification of u2 depends directly on the specified solutions
for the metric (23). The above vector fields are essentially independent and give different values for u · u. In fact we
have
u1 · u1 = A
(
4ξ2A
B (A′)
2 − a2
)
, (26a)
u2 · u2 =
(
b+
∫
ξ√
B
dr
)2
− a2A, (26b)
u3 · u3 = ξ
2r2
B
− a2A. (26c)
7u u u u u; J0
J3
J2
J1
J3
J2
J1
FIG. 2. A congruent flow generated by the tangential vector u. There are a set of Jacobi fields {JA} which measure the
deformation of the flow.
Once the metric potential is specified to a particular f(R) theory of gravity, these values can be applied in the
generalized expansion relation, to inspect the cross-sectional rate if change of the homothetic congruences in the context
of that theory. These values also highlight the importance of the existence of u ·u terms in the generalized kinematical
formulation, introduced above. Since the congruence generators are no longer normalized, it is indispensable for the
expansion relation to contain the values obtained in Eqs. (26), to enable us talking about the congruence evolution,
peculiar to our chosen theory.
A. Congruence Intensity
There is one interesting concept which is worth discussing in this section; the congruence intensity. In classical
optics, the field intensity is defined as the light power passing a definite surface. This is indeed the way an observer
detects the light and measures its saturation. In the context of infalling congruences however, one is supposed to take
account of the observer-dependence property of the fractional rate of change and the volume filled by the congruences
in 4-dimensions. I therefore define the congruence power as
P =
dE
dτ
= E,µu
µ, (27)
which in this study, the energy E has been defined in Eq. (20b). On the other hand, the 4-dimensional volume
(4-volume filled by the congruence), is described in terms of a set of Jacobi fields {JA}, A = 0, 1, 2, 3. We have [35]
VΩ = ΩαβµνJ
α
0 J
β
1 J
µ
2 J
ν
3 , (28)
with
Ωαβµν =
√−gǫαβµν (29)
to be the volume 4-form where ǫαβµν is the Levi-Civita symbol. Indeed, {JA} can be regarded as the legs of a 4-
dimensional parallelepiped, the volume of which is VΩ. As it is seen in Fig. 2, the Jacobi fields govern the deformation
of the congruence along with its flow. I therefore write the congruence intensity as follows:
I =
P
VΩ
. (30)
Now let me find this relation for the spacetime given in Eq. (23), for those congruences provided in Eqs. (25). One
essential condition for Jacobi fields, obtained form Eq. (4), is that the Jacobi fields are Lie transported along the
congruence, i.e. LuJA = 0. Therefore, the most natural choice could be J0 ≡ u (because every vector field is Lie
transported along itself). So, based on the fields in Eqs. (25), I let
1J0 = u1,
2J0 = u2,
3J0 = u3, (31)
8in which the superscripts on the left side of the Jacobi fields, indicate the relevance to individual congruence generators.
To proceed with obtaining the other vectors, let me put
Jα1 =
(
0, J11 (r), 0, 0
)
. (32)
Applying the Lie transport condition for each of the vector fields in Eqs. (25), it is determined that
1Jα1 =
(
0,
A
A′
, 0, 0
)
, (33a)
2Jα1 =
(
0, b
√
B +
√
B
∫
ξ√
B
dr, 0, 0
)
, (33b)
3Jα1 = (0, r, 0, 0) . (33c)
To retain orthogonality and Lie transportation, the simplest choices for the other two fields will be
1Jα2 =
2 Jα2 =
3 Jα2 = (0, 0, 1, 0) , (34a)
1Jα3 =
2 Jα3 =
3 Jα3 = (0, 0, 0, 1) . (34b)
Now that the Jacobi fields have been specified, I apply Eq. (28), to obtain the congruences’ 4-volumes. In the
equatorial plane (θ = pi2 ) these are
1VΩ =
ar2A3/2√
BA′
, (35a)
2VΩ = ar
2
√
A
(
b+
∫
ξ√
B
dr
)
, (35b)
3VΩ =
ar3
√
A√
B
. (35c)
One can then obtain three separate relations for the congruence intensities (i.e. 1I, 2I and 3I), by employing Eqs.
(20b), (25) and (35). To get sensible results, this however needs a complete specification of the theory, which is what
I deal with in the next section.
IV. THE HOMOTHETIC CONGRUENCES IN THE GRAVITATIONAL FIELD OF A CHARGED
MASSIVE SOURCE
The approach is generally based on a homothetic congruence of uncharged particles, who fall onto a static charged
black hole of mass M and charge Q. This way, a non-vacuum solution of the gravitational field equations is needed.
The reason of adoption of a charged source, is mostly based on generating the simplest non-vacuum gravitational
field, to examine the congruence expansion with non-zero energy. The electromagnetic energy-momentum tensor
Tµν =
1
4π
(
FµαF
α
ν − 1
4
gµνF
αβFαβ
)
, (36)
with Fαβ = Aβ;α − Aα;β as the field strength tensor, is specified by the 4-potential Aα = (Φ(r), 0, 0, 0) for static
spherically symmetric sources of charge Q, with Φ(r) ∼ 14pi Qr to be the electric potential due to such sources. One
recalls the existence of a natural acceleration aEMµ =
q
mFµνu
ν for charged particles of mass m and charge q who fall in
the above electromagnetic field [1]. However since my approach is based on uncharged particles, this acceleration no
longer exists. The congruence however, experiences a geometric acceleration due to its homothetic nature. My aim is
to examine the effects of the spacetime generated by a static charged black hole on the aforementioned congruence by
means of the generalized values in Eqs. (20) and (21). These generalized components, because of their dependence
on the electromagnetic energy-momentum tensor, would therefore show the effect of the black hole’s charge on the
congruence, despite its electrical neutrality.
Now since the whole investigation stems in the spacetime geometry, the gravitational field equations should therefore
be solved for this source. The resultant spacetime geometry is exploited to provide expressions for the dynamical
and kinematical characteristics of infalling congruences. Note that, since I have generically replaced the energy-
momentum tensor with its field equation correspondent (what I did in obtaining Eqs. (20)), instead of relying on the
above electromagnetic energy-momentum tensor, the only thing we need is the solution to the field equations for a
particular charged source, in the context of the chosen theory of gravity.
9A. The General Relativistic Limit
To provide insights into the approach, the best choice is to work with the most essential theory of gravity, namely
general relativity. General relativity, is indeed an f(R) theory of gravity which designates f(R) = R in Eq. (17). In
general relativity, the spacetime geometry describing a static charged massive source, is the Reissner-Nordstro¨m (RN)
solution, which lets
A(r) = B(r) = 1− 2M
r
+
Q2
r2
, (37)
for the metric (23). The above value vanishes for r± = M ±
√
M2 −Q2 being the locations for the event (outer)
and apparent (inner) horizons [9]. In the above metric potentials, M is the Schwarzschild massive source and in the
additional terms to Schwarzschild metric, Q is the charge factor4. Motion of charged particles around RN black-holes
has been discussed vastly in the literature (e.g. in Ref. [36] for general discussion and in Ref. [37] for the case of
relativistic stars). In the context of congruences however, some more inspections are needed, since particle paths
are now regarded as a set, and therefore some more kinematical characteristics now take part in the process. To
demonstrate the characteristics of a congruence of falling charged particles in the RN geometry, let me consider a
vector field
vα =
(
v0(r), v1(r), 0, 0
)
, (38)
as the congruence generator. As mentioned before, since the above vector field is the congruence generator of falling
test particles of mass m and charge q in an electromagnetic field, the physical acceleration equation
vα;βv
β = aαEM =
q
m
Fαβv
β , (39)
should be satisfied. Applying Eq. (38) to Eq. (39), the only possible choice is obtained as
vα =

c1r2
χ
− qQ
4πmr
,−
√
χ
r2
√
χ
(
c1r2
χ
− qQ
4πmr
)2
− r2, 0, 0

 , (40)
for a future directed normalized congruence, in which χ = Q2 − 2Mr + r2 is a scalar of dimensions of m2 and c1 is
a constant. Note that, the above congruence is normalized and indeed v · v = −1, which is a common condition for
moving particles in gravitational fields. To see the congruence evolution in a near-horizon region, it is of benefit to
calculate the congruence expansion The congruence generator in Eq. (40) is not homothetic, however it undergoes
an acceleration given in Eq. (39). We therefore should apply the original generalized relation in Eq. (13a) for the
expansion. Note that, since v is normalized, one can infer that vαv
α
;βv
β ≡ v · aEM = 0. On the other hand, to keep
the conformity with the current study, the association to the cotangent bundle is also retained. We therefore possess
a congruence of non-geodesic charged particles, for which, applying Eqs. (20) in the general relativistic limit, yields
nΘGR = v
σ
;σ − q
m
RµνF
µ
λv
λvν
Rαβvαvβ +
1
2R
, (41)
in which the superscript n in the left, indicates the normalized property and the GR subscript stands for the general
relativistic limit, which is being used in this section. Using this relation for the normalized congruence given in
Eq. (40), we get
nΘGR =
16π2m2r4
(
χ− 2c21r2 −Mr + r2
)
+ 4πc1mqQr
3
(
χ− 2Mr + 2r2)+ q2Q2χ (Q2 − r2)
4πmr4
√
16π2m2r4 (c21r
2 − χ)− 8πc1mqQr3χ+ q2Q2χ2
. (42)
The behavior of the above expansion, has been shown in Fig. 3. As it is seen, outside the event horizon, the congru-
ence experiences a steady convergence, until it falls onto the horizon. Note that, the congruence is not completely
focused on the horizon, so that the shift from being convergent to begin divergent, becomes possible. This is what
happens for the congruence by passing the event horizon. As shown in the figure, the negative expansion becomes
4 In the geometric units I use here, i.e. G = c = 1, it is dim[M ] = m, dim[Q] = m and dim[ξ] = s−1.
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FIG. 3. The near-horizon expansion of a normalized congruence of charged particles in the RN spacetime for values M = 2,
Q = 1, m = 0.01, q = 0.005 and c1 = 1.5
positive inside the event horizon until it fully diverges right before the apparent horizon. The outside convergence
is an expected feature of infalling congruences as demanded by attractive gravity of black holes. In the special case
discussed above, the event horizon is also responsible for the sign changing of the expansion. However, as it will be
shown in what follows, the above feature do alter remarkably for the case of homothetic congruences. The homothetic
congruences in this study are supposed to be essentially uncharged and possess natural geometric acceleration. We
therefore can expect different results from those of charged particles congruence discussed above. In what I will
illustrate in this section, I show that the congruences’ fates are different from what are expected to be and indeed
have some similarities with particles’ trajectories . In this section, I will present some of these results and discuss them.
Now let me determine the homothetic congruence generators in Eqs. (25) for this spacetime, which will be dealt
with, individually. Note that, all the three congruences are non-normalized, which highlights the importance of the
existence of the u · u term in the generalized Raychaudhuri equation and its kinematical components.
1. The u1 Congruence
From Eq. (25a), one gets
uα1 =
(
a,
ξrχ
ψ
, 0, 0
)
, (43)
in which ψ =
(
Mr −Q2) is a scalar of dimensions of m2. Equations (20) and (21), provide us with the congruence
energy and the expansion as
1EGR =
Q2χ
(
a2ψ2 − ξ2r6)
κr6ψ2
, (44)
1ΘGR =
ξ
ψ2 (a2ψ2 − ξ2r6) ×
[
ξ2r6
(
4Q2r(2r − 5M) +Mr2(11M − 6r) + 7Q4)− a2ψ2 (Q2r(5r − 12M)
+Mr2(7M − 4r) + 4Q4)] . (45)
Moreover, by applying Eqs. (35a) for the u1 congruence of the energy in Eq. (44), one gets
1IGR =
4ξQ2
[
ξ2
(
Q2 −M2) r8 − a2ψ3 (3Q2 + r(2r − 5M))]
aκr9ψ3
. (46)
To visualize the evolution, I plot the generalized energy 1EGR and expansion
1ΘGR. As it can be seen in Fig. 4a,
the congruence energy outside the event horizon is almost zero. This indicates an approximate balance between the
positive (due to matter) and negative (due to gravity) energies. The congruence will therefore travel freely outside
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FIG. 4. The congruence characteristics for u1. The figures show (a) the energy and (b) the expansion for the values a = 0.6,
M = 2, Q = 1 and ξ = 0.1.
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FIG. 5. The u1 vector field which indicates the congruence convergence/divergence while it passes the horizons.
the horizon and because of its essential inward direction, it enters the horizon. Note that, the congruence is initially
divergent, showing a remarkable difference o the behavior of charged particle congruence, as I discussed earlier. This
divergence however, is reduced under a very slight increase in the gravitational energy. Hence, the congruence finally
shifts from being divergent to being convergent inside the event horizon. At certain points where the gravitational
energy experiences a notable increase, the expansion has a singularity, causing the congruence to be completely focused.
One therefore concludes that the first congruence focusing occurs inside the black hole region. The focusing point
is a singularity in the expansion indicating a cusp within congruence propagation. Consequently, if the congruence
is able to travel further, it continues in a dispersed5 form, as it is shown in Fig. 4b. This is followed by a second
focusing and dispersion around the second expansion singularity. This corresponds to a remarkable increase in the
gravitational energy right before the congruence reaches the apparent horizon. This will cause the congruence to pass
the apparent horizon in a convergent manner. From a different viewpoint and regarding u1 as a vector field, we can see
its evolution for different values of a in Fig. 5. One can note the shifts in directions around the horizons. Furthermore,
5 The dispersion term which I use in this discussion, is the exact opposite of the focus term. In fact, for positive infinite expansion, the
congruence would diverge until it looses its integrity (dispersion). In contrast, for negative infinite expansion, the congruence would
converge until all of its components are concentrated in a cusp (focusing).
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FIG. 6. The congruence intensity 1IGR for positive energies given in Fig. 4.
the congruence intensity for the u1 field has been shown in Fig. 6 which indicates a raise in the positive (due to the
attraction within the gravitational energy) values, once the congruence energy becomes completely gravitational and
large. This situation happens around the apparent horizon.
2. The u2 Congruence
From Eq. (25b), we have
uα2 =
(
a,
1
r
(
bχ
1
2 + ξχ+Mξχ
1
2 ln
[
χ
1
2 −M + r
])
, 0, 0
)
. (47)
As before, I calculate the congruence components which now read as
2EGR = −Q
2χ−
1
2
κr4
×
{(
ξ2r2 − a2)χ 32
r2
+ b2χ
1
2 + 2bξχ+ 2Mξχ
1
2 ln
[
χ
1
2 −M + r
] (
b+ ξχ
1
2
)
+M2ξ2χ
1
2
(
ln
[
χ
1
2 −M + r
])2}
, (48)
2ΘGR =
1
r2χ
[√
χ
(
b
(−Mr + r2 + χ)+ ξ√χ (−Mr + 2r2 + χ))
+ξM
√
χ
(−Mr + r2 + χ) ln (−M + r +√χ)] , (49)
2IGR =
2Q2χ−
1
2
aκr9
×
{
2b2r2χ
1
2 + bξr2
(
r(3r − 8M) + 4Q2)+ χ 12 (a2 (5Mr − 3Q2 − 2r2)
+ξ2r2
(−4Mr + 2Q2 + r2))+Mξr2 ln [χ 12 −M + r] (4bχ 12 + ξ (−8Mr + 4Q2 + 3r2))
+2M2ξ2r2χ
1
2
(
ln
[
χ
1
2 −M + r
])2}
. (50)
The energy and expansion of the u2 congruence have been plotted in Fig. 7. As it is observed, the dominant energy
is the energy due to the charged massive source and is positive. This corresponds to a divergent infalling congruence
toward the black hole’s event horizon. Moreover, a maximum in the energy at the vicinity of the event horizon,
is relevant to a minimum in the expansion which is followed by a complete dispersion on the event horizon. This
situation is thoroughly different from what we saw earlier for the congruence of charged particles and also for the case
of u1 congruence; the u2 congruence, because of its dispersion on the horizon, cannot enter the black hole region.
However, as it can be seen in Fig. 8, the u2 vector field is present in the whole region. The figure illustrates the shifts
in the u2 field behavior around the horizons. The fact that the congruence energy and expansion are not present
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FIG. 7. The congruence characteristics for u2. The figures show (a) the energy and (b) the expansion for the values a = 0.1,
b = 0.01, M = 0.4, Q = 0.15 and ξ = 0.011.
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FIG. 8. The near-horizon behavior of the u2 vector field.
inside the black hole’s event horizon, stems in the elimination of the congruence’s kinematical components (as well as
the congruence deviation fields). We therefore cannot define the u2 ”congruence” inside the event horizon, although
the u2 vector field is well-defined everywhere. The u2 congruence has the particular intensity illustrated in Fig. 9.
The figure shows a switch between negative (due to repulsion) and positive (due to attraction) values at the vicinity
of the event horizon. Comparing Figs. 7 and 9, we can see that the minimum in the divergence, corresponds to a
maximum in the repulsive intensity (i.e. smaller negative values). This is because the congruence components are
receding from each other at a lower rate. The congruence intensity, then raises remarkably into positive values as
the congruence is attracted toward the event horizon, because of the dominance of the gravitational energy in that
region.
3. The u3 Congruence
The u3 congruence in Eq. (25c), is indeed independent of the chosen theory of gravity and is therefore, remained
unchanged with respect to the alternative solutions for A(r) and B(r). Its kinematical characteristics are calculated
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FIG. 9. The congruence intensity 2IGR for energies given in Fig. 7.
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FIG. 10. The congruence characteristics for u3. The figures show (a) the energy and (b) the expansion for the values a = 0.2,
M = 2, Q = 1 and ξ = 0.1.
as
3EGR =
Q2
(
a2χ2 − ξ2r6)
κr6χ
, (51)
3ΘGR =
ξr
(
ξ2r5
(
r(5M − 2r)− 3Q2)− a2χ2(M − r))
χ (a2χ2 − ξ2r6) , (52)
3IGR =
2ξQ2
[
χ2a2
(
r(2r − 5M) + 3Q2)+ ξ2r7(M − r)]
κr4χ [r2 (4M2 − 4Mr − ξ2r4 + r2) + 2Q2r(r − 2M) +Q4] . (53)
As illustrated in Figs. 10, outside the event horizon, the congruence is subjected to gravitational energies, causing
it to focus on the horizon. This focusing phenomena, which is followed by a dispersion around the event horizon,
corresponds to a singularity in the energy. In other words, the event horizon itself, is a singularity in the congruence
energy which makes the matter energy to be dominant inside the black hole region and at the vicinity of the event
horizon. This causes a divergent congruence until it reaches the singularity in the expansion. This is the point, where
the dominant energy shifts from the matter energy to the gravitational energy. As the energy becomes completely
gravitational and of large values, the congruence becomes dispersed on the apparent horizon. This loss of integrity,
has been shown in Fig. 11 in which the u3 vector field has been demonstrated. Furthermore, as shown in Fig. 12,
the congruence is attractive outside the event horizon and at the vicinity of the apparent horizon. This is mostly a
correspondent of a convergent congruence. The congruence intensity shows a repulsion for positive energies (where
the congruence is divergent), right after the congruence passes the event horizon.
15
Event HorizonApparent Horizon
0 1 2 3 4 5
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
r
a
FIG. 11. The near-horizon behavior of the u3 vector field.
Event HorizonApparent Horizon
0 1 2 3 4 5
-0.002
-0.001
0.000
0.001
0.002
0.003
r
3 I
G
R
FIG. 12. The congruence intensity 3IGR for energies given in Fig. 10.
B. Discussion
The above three different cases, show rather peculiar behaviors for infalling particle congruences on a black hole.
Indeed, it is expected that infalling congruences experience convergent conditions outside event horizons, similar
to what I discussed for the case of an infalling charged congruence. In the context of general relativity, and since
the strong energy condition is satisfied, gravity is always attractive [9]. This is what which makes the mentioned
convergence, as demonstrated at the beginning of this section for a charged particle congruence in the RN geometry.
The homothetic congruences discussed in this section, show however some new behaviors. Since the congruences
are uncharged, we do not need to consider the physical acceleration in the common sense. However, the charged
sources’ effect appears in the spacetime geometry and most importantly, from the gravitational field equations. These
concepts, when come together for the above discussed homothetic fields, cause them to be able to behave similar to
what are well-known for the charged particles’ trajectories around RN black holes. These cast themselves as the main
motion categories, known as planetary motion, escaping and trapping [37].
Let me explain this in details. Regarding the u1 congruence expansion in Fig. 4, one can observe that in general,
the congruence becomes completely attracted to the massive source. This is similar to the trapping fate in the context
of particles’ motion. For the u2 congruence, the whole scenario is different. In Figs. 7, we can see that the congruence
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is dispersed on the horizon and does not enter it6. This is similar to the escaping motion for charged particles’ motion.
And finally, for the u3 congruence, the behavior in Figs. 10, shows a frequent approaching-then-receding behavior
during the congruence evolution, which is an analog of planetary orbits for charged particles. We therefore can observe
that, these congruences’ evolution is diverse, and recommend notable alternatives to the usual expectation.
V. CONCLUSION
The evolution, kinematics and physical characteristics of homothetic congruences of uncharged particles, while
they fall onto a static charged black hole, constituted the main subject of this paper. In general, I showed that the
homotehtic property in the context of a chosen solution to the gravitational field equations, could provide us three
different congruence generators, each of which, exhibiting a peculiar evolution within the general relativistic limit and
in RN geometry. It turned out that these homothetic fields reveal different results from what is expected; for example,
the homothetic congruences can experience a full dispersion outside the black hole’s event horizon.
The whole discussion was based on the kinematical decomposition of the congruences’ transverse subspace and a
generalized Raychaudhuri equation. The task was elaborated by making benefit from the imposition of the gravita-
tional correspondent of the source’s energy-momentum tensor into the kinematical components. This way, one can
examine the effects of the non-gravitational energies on the congruences in a given theory of gravity, by only making
use of the spacetime solutions.
In the current study, these non-gravitational effects come from an electrically charged massive source of gravity and
the generalized kinematics, enabled the examination of the effects of this charged source on the uncharged congruences.
The three cases of congruences, were indeed different in physics, evolution and fate. Whereas, classically, one expects a
steady convergence for infalling congruences onto a black hole’s horizon, the uncharged homothetic congruences could
encounter a primary dispersion (infinite positive expansion) and/or focusing (infinite negative expansion), outside
and/or inside the black hole’s region. As discussed in the previous section, these behaviors, when combined together
in certain orders, constitute conditions similar to the three main categories of particles’ motion in general relativity.
I therefore conclude that the homothehic property and the association of congruence kinematics with the energy-
momentum deposit of the gravitational source, enables us to tie the concepts of particle trajectories and congruence
evolution in general relativistic investigations. According to the fact that the particles’ trajectories are of great
interests in observational tests of gravitational theories, the generalized kinematics and the methods introduced here,
can be considered as useful tools for making theoretical predictions for those tests in alternative theories of gravity.
Appendix A: The Congruence Deviation Relation for Homothetic Fields
The evolution of the J · u scalar is calculated as
( ˙J · u) = (Jαuα);βuβ
= Jα;βu
βuα + J
αuα;βu
β = Jα;βu
βuα + J
αaα
= Jα;βu
βuα − 1
2
Jα(u · u);α + 2ξJαuα
= uα;βJ
βuα − 1
2
Jα(u · u);α + 2ξJαuα
=
1
2
(u · u);βJβ − 1
2
Jα(u · u);α + 2ξJαuα
= 2ξ(J · u), (A1)
in which I have used the condition in Eq. (4) in the fourth line and in the fifth line, the homothetic acceleration in
Eq. (3) has been interpolated. The second order evolution of the Jacobi fields, will result in the congruence deviation
6 Note that, the v congruence discussed earlier in this section, does not obey an escaping motion, because it enters the black hole region.
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equation. We have
J¨α = (Jα;βu
β);γu
γ = (uα;βJ
β);γu
γ = uα;βγJ
βuγ + uα;βJ
β
;γu
γ
= (uα;γβ −Rαµβγuµ)Jβuγ + uα;βuβ ;γJγ
= (uα;γu
γ);βJ
β − uα;γuγ ;βJβ −RαµβγuµJβuγ + uα;βuβ ;γJγ
= aα;βJ
β −RαµβγuµJβuγ
=
(
−1
2
(u · u);α;β + 2ξuα;β
)
Jβ −RαµβγuµJβuγ
= −1
2
gαλ [∇β∇λ (u · u)] Jβ + 2ξuα;βJβ − RαµβγuµJβuγ
= −1
2
gαλ(u · u),λβJβ + 2ξJ˙α −RαµβγuµJβuγ . (A2)
Appendix B: Derivation of the Generalized Raychaudhuri Equation
The derivation carried out here, is the time-like counterpart of that, which has been given in Ref. [33]. Expanding
Eqs. (10) and (11), we have
Θ˙ =
D
dτ
B¯µµ =
D
dτ
(
hρ
µuρ;βhµ
β
)
= hρ
µ D
dτ
(uρ;β)hµ
β +
D
dτ
(
hρ
µhµ
β
)
uρ;β
= hρ
µ
(
uτuρ;τβ −Rρλβτuλuτ
)
hµ
β + uτ
(
hρ
µhµ
β
)
;τ
uρ;β
= hρ
µ
(
aρ;β − uρ;τuτ ;β −Rρλβτuλuτ
)
hµ
β + uτ
(
hρ
β
)
;τ
uρ;β
= hρ
βaρ;β + hρ
µuρ;τu
τ
;βhµ
β − hρβRρλβτuλuτ + h˙ρβuρ;β , (B1)
in which
h˙ρ
β = −D
dτ
[
(p · u)−1] pαuβ − (p · u)−1 (p˙ρuβ + pρaβ)
= (p · u)−2 ˙(p · u)pρuβ − (p · u)−1
(
p˙ρu
β + pρa
β
)
. (B2)
Now let me expand the terms individually.
hρ
βaρ;β = a
ρ
;ρ − (p · u)−1
(
pρu
β
)
aρ;β
= aρ;ρ − (p · u)−1(p · a˙). (B3)
hρ
µuρ;τu
τ
;βhµ
β = (hρ
µuρ;τhν
τ )
(
hσ
νuσ;βhµ
β
)
+ hρ
µuρ;τ (δ
τ
ν − hντ ) (δνσ − hσν)uσ;βhµβ
= B¯µνB¯
ν
µ + hρ
µuρ;τ (δ
τ
ν − hντ ) (δνσ − hσν)uσ;βhµβ . (B4)
hρ
βRρλβτ = Rλτu
λuτ − (p · u)−1

pρuβRρλβτ︸ ︷︷ ︸
=0

 = Rλτuλuτ . (B5)
Applying the expressions in Eqs. (B3), (B4) and (B5) in Eq. (B1), we get
Θ˙ = −B¯µνB¯νµ −Rλτuλuτ + aρ;ρ − (p · u)−1(p · a˙)
−hρµuρ;τ (δτν − hντ ) (δνσ − hσν) uσ;βhµβ + h˙ρβuρ;β
= −B¯µνB¯νµ −Rλτuλuτ + aρ;ρ − (p · u)−1(p · a˙)
−hρβuρ;τ (δτσ − hστ )uσ;β + h˙ρβuρ;β. (B6)
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Now consider the term hρ
βuρ;τ (δ
τ
σ − hστ )uσ;β ≡ hρµuρ;τuν ;µ (δτν − hντ ), which gives
hρ
µ (δτν − hντ )uν ;µuρ;τ =
[
δµρ − (p · u)−1pρuµ
] [
(p · u)−1pνuτ
]
uν ;µu
ρ
;τ
= (p · u)−1pνuτδµρuν ;µuρ;τ − (p · u)−2pρpνuµuτuν ;µuρ;τ
= (p · u)−1pνuτuνρuρ;τ − (p · u)−2pρpνaνaρ
= (p · u)−1pνuν ;ρaρ − (p · u)−2(p · a)2. (B7)
On the other hand,
h˙ρ
βuρ;β =
[
(p · u)−2 ˙(p · u)pρuβ − (p · u)−1
(
p˙ρu
β + pρa
β
)]
uρ;β
= (p · u)−2 ˙(p · u)(p · a)− (p · u)−1 (p˙ · a+ pρuρ;βaβ) . (B8)
Interpolating Eqs. (B7) and (B8) into Eq. (B6), we obtain
Θ˙ = −B¯µνB¯νµ −Rλτuλuτ + aρ;ρ − (p · u)−1(p · a˙)
−(p · u)−1pνuν ;ρaρ + (p · u)−2(p · a)2
+(p · u)−2 ˙(p · u)(p · a)− (p · u)−1 ((p˙ · a) + pρuρ;βaβ)
= −B¯µνB¯νµ −Rλτuλuτ + aρ;ρ
−(p · u)−1
[
˙(p · a) + 2pνuν ;ρaρ
]
+(p · u)−2
[
(p · a)2 + ˙(p · u)(p · a)
]
. (B9)
I introduce the decomposition of the transverse tensor B¯µν into its symmetric and anti-symmetric parts as
B¯µν = θ
µ
ν + ω
µ
ν , (B10)
in which the symmetric tensor θµν itself, can be decomposed into trace and trace-less parts as
θµν =
1
3
Θhν
µ + σµν . (B11)
Having these, one can simply justify that
B¯µνB¯
ν
µ =
1
3
Θ2 + σµνσ
ν
µ + ω
µ
νω
ν
µ =
1
3
Θ2 + σµνσ
µν − ωµνωµν . (B12)
Inserting this into Eq. (B9), we finally reach the generalized Raychaudhuri equation which reads as
Θ˙ = −1
3
Θ2 − σµνσµν + ωµνωµν −Rλτuλuτ + aρ;ρ − (p · u)−1
[
˙(p · a) + 2pνuν ;ρaρ
]
+(p · u)−2
[
(p · a)2 + ˙(p · u)(p · a)
]
. (B13)
The kinematical quantities, namely the expansion scalar, the shear and vorticity tensors, can be calculated as follows.
For the expansion, we have
Θ = B¯µµ = hρ
µuρ;βhµ
β = hρ
βuρ;β
=
(
δβρ − (p · u)−1pρuβ
)
uρ;β
= uβ ;β − (p · u)−1(p · a). (B14)
To deal with shear and vorticity, we need to bear in mind that θµν in Eq. (B11) is indeed
θµν = B¯(µσ)g
σν . (B15)
We therefore may write these two quantities as
σµν = hµ
αu(α;β)hν
β − 1
3
Θhµν , (B16a)
ωµν = hµ
αu[α;β]hν
β , (B16b)
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where hµν = hµ
αgαν . The special case of p = mu with m = const., offers u · u = const. (normalized congruence).
The Raychaudhuri equation for such systems is given by reducing the generalized equation in Eq. (B13). For this
case we have
Θ˙ = −1
3
Θ2 − σµνσµν + ωµνωµν −Rλτuλuτ + aρ;ρ
−(u · u)−1
[
˙(u · a) + 2uνuν ;ρaρ
]
+(u · u)−2

(u · a)2 + ˙(u · u)︸ ︷︷ ︸
=0
(u · a)

 . (B17)
The term u · a gives
u · a = uαuα;βuβ = 1
2
(u · u);β uβ = 0, (B18)
which shows that the terms uνu
ν
;ρa
ρ vanishes identically. We therefore come up with the reduced Raychaudhuri
equation for normalized congrunces which has the very well-known form
Θ˙ = −1
3
Θ2 − σµνσµν + ωµνωµν −Rλτuλuτ + aρ;ρ. (B19)
By means of Eq. (B14), we get Θ = uβ ;β .
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